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Abstract
This note generalizes Andre’s re!ection principle to give a new combinatorial proof of a
formula for the number of lattice paths lying within certain trapezoids.
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Consider paths in the xy-plane that go from (W;H) to (0; 0) by taking W west steps
and H south steps of length one. The number of such paths is(
H +W
H;W
)
=
(H +W )!
H !W !
;
since each such path has H +W steps total, and we can choose any set of W steps to
be west steps. We prefer to write the binomial coe=cient as a multinomial coe=cient,
so that both the height H and width W explicitly appear.
Next, consider lattice paths going from (n; n) to (0; 0) by taking n west steps and n
south steps that never go strictly below the diagonal line y= x. As is well known, the
number of such paths is the Catalan number
1
n+ 1
(
2n
n; n
)
=
(
2n
n; n
)
−
(
2n
n− 1; n+ 1
)
:
The famous re!ection principle of Andre [1] gives a combinatorial proof of this last
result, in which paths descending below the diagonal are matched oA bijectively with
paths Ctting in an (n− 1)× (n+ 1) rectangle.
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This note proves a similar result for lattice paths contained in certain trapezoids. Let
k¿ 0, H ¿ 0, and m¿ 0 be integers. Set W = k +mH , and let D denote the diagonal
line whose equation is x = k + my. How many lattice paths go from (W;H) to (0; 0)
by taking W west steps and H south steps that never go strictly below the diagonal
D? The well-known answer (see, Ref. [2]) is
W + 1− mH
W + 1
(
H +W
H;W
)
=
(
H +W
H;W
)
− m
(
H +W
H − 1; W + 1
)
:
We give a new combinatorial proof of this identity based on a “rotation principle.”
Label each lattice point P=(x; y) with the integer x− (k+my), which is the signed
horizontal distance from D to P. Note that lattice points on D have label zero, lattice
points left of D have negative labels, and lattice points right of D have positive labels.
Let S denote the set of all paths from (W;H) to (0; 0), and let T denote the set of
all paths from (W + 1; H − 1) to (0; 0). Let S0 denote the set of paths in S that never
go strictly below D; so S0 consists of paths from (W;H) to (0; 0) contained in the
trapezoid with corners (0; 0), (k; 0), (W;H), and (0; H). Our goal is to prove that
|S0|=
(
H +W
H;W
)
− m
(
H +W
H − 1; W + 1
)
: (1)
Note that S0 is the set of paths in S that only visit points having nonpositive labels.
For 16 i6m, let Si denote the set of paths in S that do go below D, and whose Crst
positive label (reading southwest from (W;H)) is i. Since taking a single south step
causes the label to increase by m, the Crst positive label (if any) for each path in S
must be an element of {1; 2; : : : ; m}. Therefore, S is the disjoint union of S0; S1; : : : ; Sm,
and so |S|=∑mj=0 |Sj|.
We will deCne m bijections fi : Si → T . This will prove the desired result (1), since
|S0|= |S| −
m∑
j=1
|Sj|;
|S| =
(
H+W
H;W
)
, and |Sj| = |T | =
(
H+W
H−1;W+1
)
for j¿ 1. To deCne fi, let  be a path
in Si. Augment the beginning of  with a horizontal step from (W;H) to the point
Q = (W + 1; H), whose label is 1. By assumption, there exists a point R where 
descends below D for the Crst time, and the label of R is i. Rotate the portion of the
augmented path between R and Q by 180◦ about the midpoint of the line segment QR.
Then erase the resulting vertical step from (W + 1; H − 1) to (W + 1; H) to obtain
a path fi() in T . If we encode the augmented path as a sequence of h’s and v’s
representing horizontal and vertical steps, the rotation corresponds to reversing the part
of this sequence between Q and R and then erasing the initial v. This v must be present,
since  can only go below D for the Crst time by taking a vertical step. See Fig. 1
for an example where m= 3, k = 5, H = 9, and W = 32. The Cgure shows four paths
A, B, C, and D, which belong, respectively, to S1, S2, S3, and T . We have
D = f1(A) = f2(B) = f3(C):
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path A in S 1
1
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0
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0
0
0
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path C in S3
Q
Q
Q
R
R
R
2
path B in S 2
path D = f  (A) = 1 f  (B) = 2 f  (C) in T.3
Fig. 1. Example of the rotation maps.
To see that fi is a bijection, we display a two-sided inverse map gi : T → Si. Given
a path ∈T from (W +1; H − 1) to (0; 0), augment the beginning of this path with a
vertical step to Q=(W +1; H). Let S be the Crst point on  (after Q) whose label is i.
Such a point must exist, since the label of (W +1; H − 1) is m+1, the label of (0; 0)
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is nonpositive, and each west step decrements the current label by one. Rotate the
portion of the augmented path between S and Q by 180◦, and then erase the resulting
horizontal step from (W;H) to (W + 1; H) to obtain the path gi(). Such a step must
exist, since  arrives at S by taking a west step. It is easy to see from the labelling
rules that gi does map into the set Si, and that gi is the two-sided inverse for fi.
Hence, each fi is a bijection, and the proof is complete.
The technique given here fails if we consider a diagonal line D whose equation is
x = k + (r=s)y, where r ¿ 1 and s¿ 1. We leave it as an open problem to Cnd a
combinatorial proof of the appropriate formula in this more general case.
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